We develop a new route through which to explore ker Ψ X , the kernel of the π 1 −shape group homomorphism determined by a general space X, and establish, for each locally path connected, paracompact Hausdorff space X, ker Ψ X is precisely the Spanier group of X.
Introduction
It is generally challenging to understand the fundamental group of a locally complicated space X. A common tactic is to consider the image Ψ X (π 1 (X, x 0 )) as a subgroup of the first shape homotopy groupπ 1 (X, x 0 ) via the natural homomorphism Ψ X : π 1 (X, x 0 ) →π 1 (X, x 0 ) arising from theČech expansion. In particular, if Ψ X is injective, X is said to be π 1 -shape injective and one gains a characterization of the elements of π 1 (X, x 0 ) as sequences in an inverse limit of fundamental groups of polyhedra. Thus ker Ψ X can be thought of as the data of the fundamental group forgotten when passing to the first shape group. In this paper, we develop a new lens in which to study Ψ X and identify new characterizations of ker Ψ X in terms of familiar subgroups of the fundamental group.
The Spanier group π Sp (X, x 0 ) of a space X, introduced in [12] , is a subgroup of π 1 (X, x 0 ) useful for identifying loops deformable into arbitrarily small neighborhoods [17, 21, 22] . Moreover the existence of generalized covering maps [2, 14, 6] is intimately related to both π Sp (X, x 0 ) and ker Ψ X . It is apparently an open question to understand exactly when π Sp (X, x 0 ) = ker Ψ X . On the one hand, for a general space X, the inclusion π Sp (X, x 0 ) ⊆ ker Ψ X holds [14] . On the other hand, examples show inclusion can be strict if X fails to be non-locally path connected [14, 12] . Our main result, Theorem 35, captures a decent class of spaces such that π Sp (X, x 0 ) = ker Ψ X . If X is a locally path connected paracompact Hausdorff space, then ker Ψ X is precisely the Spanier group π Sp (X, x 0 ).
The utility of this short exact sequence is the identification of a convenient set of generators of ker p U * . The same sequence with the ordinary Spanier group π Sp (U , x 0 ) in place of Π Sp (U , x 0 ) fails to be exact even in simple cases: See Example 6. This paper is structured as follows:
In Section 2, we include necessary preliminaries on simplicial complexes and review the constructions of theČech expansion of a space X in terms of canonical maps p U : X → |N(U )| (where |N(U )| is the nerve of an open cover U of X), the first shape group, and the homomorphism Ψ X .
In Section 3, we define and study thick Spanier groups and their relationship to ordinary Spanier groups. Thick Spanier groups are constructed by specifying generators represented by loops lying in pairs of intersecting elements of U ; Section 4 is then devoted to characterizing generic elements of Π Sp (U , x 0 ) in terms of a homotopy-like equivalence relation on loops which depends on the given open cover U . Section 5 is devoted to a proof of Theorem 19 guaranteeing the exactness of the above sequence.
Sections 6 and 7 include applications of the above level short exact sequences: In Section 6, we obtain an exact sequence:
and thus identify ker Ψ X and π Sp (X, x 0 ) for a large class of spaces (See Theorem 35). Finally, in Section 7, we find application in the theory of a topologically enriched version of the fundamental group. By construction, the first shape groupπ 1 (X, x 0 ) is the inverse limit of discrete groups; the fundamental group π 1 (X, x 0 ) inherits the structure of a topological group when it is given the pullback topology with respect to Ψ X (the so-called shape topology). We apply the above results to identify a convenient basis for the topology of π 1 (X, x 0 ) and show this topology consists precisely of the data of the covering space theory of X.
Preliminaries and Definitions
Throughout this paper, X is assumed to be a path connected topological space with basepoint x 0 .
Simplicial complexes and paths
We call upon the theory of simplicial complexes in standard texts such as [16] and [19] . Much of the notation used is in line with these sources.
If K is an abstract or geometric simplicial complex and n ≥ 0 is an integer, K n denotes the n-skeleton of K and if v is a vertex of K, St(v, K) and St(v, K) denote the open and closed star of the vertex v respectively. When K is abstract, |K| denotes the geometric realization. If vertices v 1 , ..., v n span an n-simplex of |K|, then [v 1 , v 2 , ..., v n ] denotes the n-simplex with the indicated orientation. Finally, for each integer n ≥ 0, sd n |K| denotes the n-th barycentric subdivision of K. We frequently make use of the standard abstract 2-simplex ∆ 2 which consists of a single 2-simplex and its faces and whose geometric realization is
. The boundary ∂∆ 2 ⊆ ∆ 2 is the 1-skeleton (∆ 2 ) 1 and its realization |∂∆ 2 | is homeomorphic to the unit circle. If K is a geometric subcomplex of a subdivision of |∆ 2 | containing the origin, then the origin is assumed to be the basepoint.
We use the following conventions for paths and loops in simplexes and general spaces. A path in a space X is a map p : [0, 1] → X from the unit interval. The reverse path of p is the path given by p(t) = p(1 − t) and the constant path at a point x ∈ X will be denoted c x . If p 1 , p 2 ..., p n : [0, 1] → X are paths in X such that p j (1) = p j+1 (0), the concatenation of this sequence is the unique path p 1 * p 2 * · · · * p n , sometimes denoted * n j=1 p j , whose restriction to
Quite often it will be convenient to view a loop as a map |∂∆ 2 | → X where |∂∆ 2 | is identified with [0, 1]/{0, 1} S 1 ⊆ R 2 by an orientation preserving homeomorphism in R 2 . A loop p : |∂∆ 2 | → X is inessential if it extends to a map |∆ 2 | → X and is essential if no such extension exists. Two loops p, p : |∂∆ 2 | → X are freely homotopic if there is a homotopy H : |∂∆ 2 |×[0, 1] → X such that H(x, 0) = p(x) and H(x, 1) = p (x). If p, p are loops based at x 0 ∈ X, then they are homotopic rel. basepoint if there is a homotopy H as above such that
We use special notation for edge paths in a geometric simplicial complex K: 
of linear or constant paths in the 1-skeleton of K. If E(0) = E(1), then E is an edge loop. It is a well-known fact that all homotopy classes (rel. endpoints) of paths from v 0 to v 1 are represented by edge paths.
TheČech expansion and the first shape group
We now recall the construction of the first shape homotopy groupπ 1 (X, x 0 ) via theČech expansion. For more details, see [16] .
Let O(X) be the set of open covers of X direct by refinement. Similarly, let O(X, x 0 ) be the set of open covers with a distinguished element containing the basepoint, i.e. the set of pairs (U , U 0 ) where U ∈ O(X), U 0 ∈ U and x 0 ∈ U 0 . We say (V , V 0 ) refines (U , U 0 ) if V refines U as a cover and V 0 ⊆ U 0 .
The nerve of a cover (U , U 0 ) ∈ O(X, x 0 ) is the abstract simplicial complex N(U ) whose vertex set is N(U ) 0 = U and vertices A 0 , ..., A n ∈ U span an n-simplex if n i=0 A i ∅. The vertex U 0 is taken to be the basepoint of the geometric realization |N(U )|. Whenever (V , V 0 ) refines (U , U 0 ), construct a simplicial map p U V : N(V ) → N(U ) , called a projection, given by sending a vertex V ∈ N(V ) to a vertex U ∈ U such that V ⊆ U. In particular, V 0 must be sent to U 0 . Any such assignment of vertices extends linearly to a simplicial map. Moreover, the induced map |p U V | : |N(V )| → |N(U )| is unique up to based homotopy. Thus the homomorphism p U V * :
induced on fundamental groups is independent of the choice of simplicial map.
Recall that an open cover U of X is normal if it admits a partition of unity subordinated to U . Let Λ be the subset of O(X, x 0 ) (also directed by refinement) consisting of pairs (U , U 0 ) where U is a normal open cover of X and such that there is a partition of unity {φ U } U∈U subordinated to U with φ U 0 (x 0 ) = 1. It is well-known that every open cover of a paracompact Hausdorff space X is normal. Moreover, if (U , U 0 ) ∈ O(X, x 0 ), it is easy to refine (U , U 0 ) to a cover (V , V 0 ) such that V 0 is the only element of V containing x 0 and therefore (V , V 0 ) ∈ Λ. Thus, for paracompact Hausdorff X, Λ is cofinal in O(X, x 0 ).
The first shape homotopy group is the inverse limiť
Such a canonical map is guaranteed to exist if (U , U 0 ) ∈ Λ: find a locally finite partition of unity {φ U } U∈U subordinated to U such that φ U 0 (x 0 ) = 1. When U ∈ U and x ∈ U, determine p U (x) by requiring its barycentric coordinate belonging to the vertex U of |N(U )| to be φ U (x). According to this construction, the requirement
A canonical map p U is unique up to based homotopy and whenever (V , V 0 ) refines (U , U 0 ); the compositions p U V • p V and p U are homotopic as based maps. Therefore the homomorphisms p U * :
These homomorphisms induce a canonical homomorphism
It is of interest to characterize ker Ψ X since, when ker Ψ X = 1,π 1 (X, x 0 ) retains all the data in the fundamental group of X. A space for which ker Ψ X = 1 is said to be π 1 -shape injective.
Thick Spanier groups and their properties
We begin by recalling the construction of Spanier groups [12, 20] . Let X denote the set of homotopy classes (rel. endpoints) of paths starting at x 0 , i.e. the star of the fundamental groupoid of X at x 0 . As in [20] , multiplication of homotopy classes of paths is taken in the fundamental groupoid of X so that 
Definition 2. The Spanier group of X is the intersection
of all Spanier groups with respect to open covers of X. Equivalently, π Sp (X, x 0 ) is the inverse limit lim
Note the Spanier group of X is a normal subgroup of π 1 (X, x 0 ).
Remark 3.
In the previous two definitions, we are actually using the unbased Spanier group as defined by the authors of [12] . These authors also define the based Spanier group by replacing covers with covers by pointed sets; the two definitions agree when X is locally path connected. The unbased version is sufficient for the purposes of this paper since our main results apply to locally path connected spaces.
To study Ψ X , we require similar but potentially larger versions of the Spanier groups constructed above. 
Proposition 5. For every open cover
. The second statement follows as it does for ordinary Spanier groups.
Example 6. It is not necessarily true that π
Sp (U , x 0 ) = Π Sp (U , x 0 ) even in the simplest cases. Suppose U = {U 1 , U 2 } is an open cover of the unit circle X = S 1 consisting of two connected intervals U 1 , U 2 such that U 1 ∩ U 2 is the disjoint union of two connected intervals. Since both U 1 , U 2 are simply connected, we have π Sp (U , x 0 ) = 1. On the other hand, Π Sp (U , x 0 ) contains a generator of
Remark 7.
Spanier groups and thick Spanier groups with respect to covers are natural in the following sense:
Definition 8.
The thick Spanier group of X is the intersection
of all thick Spanier groups with respect to open covers of X. Equivalently
The following proposition follows directly from previous observations.
We apply Proposition 9 to find two conditions (those in Proposition 10 and Theorem 13) guaranteeing the equality of the Spanier group and thick Spanier group.
Proposition 10. If
V is an open cover of X such that V ∩ V is path connected (or empty) for every pair V,
Proof. Suppose V is as in the statement of the proposition. It suffices to show
where [α] ∈ X, and γ i :
is path connected and the points x 1 = α(1) and
. The second statement in the current proposition now follows from Proposition 9.
Example 11. Let K be a geometric simplicial complex and v ∈ K be a vertex. It is well-known that the open star St(v, K) is contractible (and thus path connected).
, and hence there is a canonical strong deformation from
, fix the coefficients of v 1 and v 2 while linearly contracting to 0 the remaining barycentric coordinates of p.
is contractible and, in particular, path connected. Thus it follows from Proposition 10 that
It is known that π Sp (X, x 0 ) ⊆ ker Ψ X for any space X: see Proposition 4.8 of [14] . Thus the Spanier group of X vanishes whenever X is π 1 -shape injective. We use Proposition 10 to prove the analogous inclusion for the thick Spanier group; note the proof is similar to that in [14] .
Proof. Let g ∈ Π Sp (X, x 0 ) and suppose (U , U 0 ) ∈ Λ. It suffices to show g ∈ ker p U * . Recall that for each U ∈ U , we have p
where
is a generator of Π Sp (S , U 0 ). But it is observed in Example 11 that Π Sp (S , U 0 ) = 1. Since generators multiplying to g lie in the subgroup ker p U * of π 1 (X, x 0 ), so does g.
In the non-locally path connected case, the inclusion Π Sp (X, x 0 ) ⊆ ker Ψ X need not be equality; a counterexample is given later in Example 37.
The following theorem calls upon the theory of paracompact spaces. Recall if U is an open cover of X and x ∈ X, the star of x with respect to U is the union 
Proof. We apply the second statement of Proposition 9. Given an open cover U of X take V to be a barycentric refinement of
Thick Spanier groups and U -homotopy
While the definition of the thick Spanier group Π Sp (U , x 0 ) in terms of generators is often convenient, it is desirable to characterize generic elements. We do this by replacing homotopies as continuous deformations of paths with finite step homotopies through open covers. This approach is closely related to that of Dugundji in [5] and differs from the notions of U -homotopy in [15] and [16] .
Fix an open cover U of X and define a relation ∼ U on paths in X. If α, β : [0, 1] → X are paths in X, let α ∼ U β when α(0) = β(0), α(1) = β(1), and there are partitions 0 = a 0 < a 1 < · · · < a n = 1 and 0
Definition 15. Two paths α and β in X are said to be U -homotopic if α(0) = β(0), α(1) = β(1), and there is a finite sequence α = γ 0 , γ 1 , ..., γ n = β such that γ j−1 ∼ U γ j for each j = 1, 2, ..., n. The sequence γ 0 , γ 1 , ..., γ n is called a Uhomotopy from α to β. If a loop α is U -homotopic to the constant path, we say it is null-U -homotopic.
Note U -homotopy defines an equivalence relation U on the set of paths in X.
Lemma 16. If two paths are homotopic (rel. endpoints), then they are U -homotopic.
Proof. Suppose α, β are paths in X with α(0) = β(0) and α(1) = β(1) and
Let γ j be the path which is the restriction of H to [0, 1] × { j/n}. We have α = γ 0 , β = γ n , and γ j−1 ∼ U γ j for each j = 1, 2, ..., n and thus α U β.
Observe that U -homotopy respects inversion and concatenation of paths in the sense that if α U β and α U β then α U β and α * α U β * β when the concatenations are defined.
Since inessential loops are null-U -homotopic by Lemma 16, the set ν(U , x 0 ) of null-U -homotopic loops is a subgroup of π 1 (X, x 0 ). In fact, ν(U , x 0 ) is normal in π 1 (X, x 0 ) since, if α is null-U -homotopic and [β] ∈ π 1 (X, x 0 ), then
We now compare Π Sp (U , x 0 ) and ν(U , x 0 ) as subgroups of π 1 (X, x 0 ).
Lemma 17.
Suppose U is an open cover of X consisting of path connected sets. If α and β are U -homotopic paths with
Proof. First, consider the case when α ∼ U β. Take open neighborhoods U 1 , ..., U n ∈ U and partitions 0 = a 0 < a 1 < · · · < a n = 1 and 0 
. For the general case, suppose there is a U -homotopy α = γ 0 , γ 1 , ..., γ n = β where γ j−1 ∼ U γ j for each j = 1, 2, ..., n. The first case gives
.., n and thus
Theorem 18. For every open cover
Find a sequence of neighborhoods V 1 , ..., V n ∈ U and a partition 0
.., 2n and thus β ∼ U α * α. Since α * α is an inessential loop, β is null-U -homotopic by Lemma 16. In the case that U consists of path connected sets, note that if α is a null-Uhomotopic loop based at x 0 , then [α] = [α * c x 0 ] ∈ Π Sp (U , x 0 ) by Lemma 17. This gives the inclusion ν(U , x 0 ) ⊆ Π Sp (U , x 0 ).
AČech-Spanier short exact sequence
The following theorem, which identifies the kernel of the homomorphism p U * : π 1 (X, x 0 ) → π 1 (|N(U )|, U 0 ) for certain covers U , is the main technical achievement of this paper.
Theorem 19. Suppose (U , U 0 ) ∈ Λ is such that U consists of path connected sets and p U : X → |N(U )| is a canonical map. The sequence
where i U is inclusion is exact.
The above theorem is proved in the following three subsections in which the hypotheses of the statement are assumed; exactness follows from Theorems 24, 26 and 34. Note if (V , V 0 ) ∈ Λ is a normal refinement of (U , U 0 ), where V also consists of path connected sets and p V : X → |N(V )| is a canonical map, then there is a morphism
of short exact sequences of groups where the left square consists of three inclusion maps and (at least) one identity.
Corollary 20. Suppose X is paracompact Hausdorff and Λ is a directed subset of Λ such that if (U , U 0 ) ∈ Λ , then U contains only path connected sets. There are level morphisms of inverse systems i : (
is an exact sequence in the category of pro-groups. Proof. Since a non-empty intersection of two stars in a simplicial complex is path connected, there is path
.., m has image in the star of a vertex and is therefore inessential. Thus L and L are freely homotopic. If z 1 = z 2 , the same argument produces a basepoint-preserving homotopy when we take γ 0 = γ m to be the constant path at z 1 = z 2 . Proof. Since each U j is path connected and U j ∩ U j+1 ∅, there is a loop
Lemma 23. If U consists of path connected sets and E
is an open refinement of U . Consequently, for each j = 1, ..., n, there is a subdivision 
Define an edge loop L based at the vertex U 0 as *
To see L is homotopic to L, observe the set of intervals [s N(U ) ) for = 1, ..., N by choosing t so that L (t ) = b for = 1, ..., N. Lemma 22 applies and gives a basepoint preserving homotopy between L and L .
It now suffices to show the edge loops L and
We do so by showing L * E is homotopic to a concatenation of inessential loops based at U 0 . First, for each j = 1, ..., n, let
is constant and E n = E.
1. For j = 1, ..., n and k = 1, ..., m j − 1, let
These loops are well-defined and inessential since U j ∩ W 2. For j = 1, ..., n − 1, let
These loops are well-defined and inessential since U j ∩ W is inessential. We observe p is homotopic to L * E by reducing words. Indeed, for each j = 1, ..., n − 1, *
and the last factor *
to identify constant paths, it follows that p reduces to L * E n = L * E.
Theorem 24. If (U , U 0 ) ∈ Λ where U consists of path connected sets and p U : X → |N(U )| is a canonical map, then p U * is surjective.
Proof. Since edge loops in |N(U )| represent all homotopy classes in π 1 (|N(U )|, U 0 ), the theorem follows from Lemma 23.
Π
The flavor of the proof of the following Lemma is quite similar to that of Lemma 23 but holds when the elements of U are not necessarily path connected.
Lemma 25. Let U be an open cover of X. Suppose γ 1 , γ 2 are paths in X such that γ 1 (1) = γ 2 (0) and γ 1 (0) = γ 2 (1) .
Proof. We again use that and since γ 1 (1) = γ 2 (0), we may assume W
Let L be the loop defined as the concatenation *
Find a partition
, N(U )). By Lemma 22, L and L are freely homotopic.
It now suffices to show L is inessential. We do so by showing L is homotopic to a concatenation of inessential loops. First, let
Consequently, the concatenation
is an inessential loop based at W 1 1 . We observe p is homotopic to L by reducing words. Indeed, *
ker
To show the inclusion ker p U * ⊆ Π Sp (U , x 0 ) holds under the hypotheses of Theorem 19, we work to extend loops |∂∆ 2 | → X to maps on the 1-skeleton of subdivisions of |∆ 2 |.
of three linear paths. A Spanier edge loop is an edge loop of the form E * L * E where E is an edge path and L is a short edge loop.
Lemma 28. Let H be a subgroup of π 1 (X, x 0 ) and n ≥ 1 be an integer. Let f : (sd n |∆ 2 |) 1 → X be a based map on the 1-skeleton of sd n |∆ 2 |, and
Proof. It follows from elementary planar graph theory that π 1 ((sd n |∆ 2 |) 1 , (0, 0)) is generated by the homotopy classes of Spanier edge loops.
Let sd 1 |∂∆ 2 | be the first barycentric subdivision of |∂∆ 2 |. The 0-skeleton consists of six vertices: Let v 1 , v 2 , v 3 be the vertices (0, 0), (1, 0), (0, 1) of |∂∆ 2 | respectively and m i be the vertex which is the barycenter of the edge opposite v i for i = 1, 2, 3.
Lemma 31. Let U be an open cover of X consisting of path connected sets. If δ : |∂∆ 2 | → X is U -admissible and α : [0, 1] → X is a path from x 0 to δ(v 1 ), then
Proof. Since δ : |∂∆ 2 | → X is U -admissible there are sets U 1 , U 2 , U 3 ∈ U such that i U i contains a point z and δ(St(v i , |∂∆ 2 |)) ⊆ U i for i = 1, 2, 3. Whenever j, k ∈ {1, 2, 3} and j k, let γ j,k be the path which is the restriction of δ to [v j , m k ]. With this notation
Note Im(γ j,k ) ⊆ U j for all choice of j, k. Thus if j, k, l ∈ {1, 2, 3} are distinct, the endpoint of γ j,k lies in U j ∩ U l .
Define six paths in X: Whenever j, k ∈ {1, 2, 3} and j k, let η j,k be a path in U j from δ(m k ) to z. Such paths are guaranteed to exist since each element of U is path connected. Now given any path α : [0, 1] → X from x 0 to δ(v 1 ) let
Note each ζ i is written as a product to illustrate that ζ 1 , ζ 3 , ζ 5 ∈ π Sp (U , x 0 ) and
Lemma 32. If f : (sd n |∆ 2 |) 1 → X is a map such that the restriction of f to the boundary ∂τ of every 2-simplex τ in sd n |∆ 2 | is U -admissible and
Proof. By Lemma 28 it suffices to show [ f • σ] ∈ Π Sp (U , x 0 ) for any Spanier edge loop σ in sd n |∆ 2 |. Suppose σ = E * L * E is such a Spanier edge loop where E is an edge path from (0, 0) to a vertex of ∂τ and L is a short edge loop traversing ∂τ.
Lemma 33. Suppose (U , U 0 ) ∈ Λ where U consists of path connected sets and p U : X → |N(U )| is a canonical map. If β : |∂∆ 2 | → X is a loop such that [β] ∈ ker p U * , then there exists an integer n ≥ 1 and an extension f : (sd n |∆ 2 |) 1 → X of β such that the restriction of f to the boundary ∂τ of every 2-simplex τ in sd n |∆ 2 | is U -admissible.
Proof. Since p U •β : |∂∆ 2 | → |N(U )| is a null-homotopic loop based at the vertex U 0 , it extends to a map h : |∆ 2 | → |N(U )|. Since, by the definition of p U , we have
Following Theorem 16.1 (finite simplicial approximation) in [19] , find a simplicial approximation for h using the cover W : let λ be a Lebesgue number for W so that any subset of |∆ 2 | of diameter less than λ lies in some element of W . Choose an integer n such that each simplex in sd n |∆ 2 | has diameter less than λ/2. Thus the star St(a, sd n |∆ 2 |) of each vertex a in sd n |∆ 2 | lies in a set W U a for some U a ∈ U . The assignment a → U a on vertices extends to a simplicial approximation h : sd n ∆ 2 → N(U ) of h, i.e. a simplicial map h such that
for each vertex a [19, Lemma 14.1].
We construct an extension f : (sd n |∆ 2 |) 1 → X of β such that the restriction of f to the boundary of each 2-simplex of sd n |∆ 2 | is U -admissible. First, define f on vertices: for each vertex a ∈ (sd n |∆ 2 |) 0 , pick a point f (a) ∈ U a . In particular, if a is a vertex of the subcomplex sd n |∂∆ 2 | of (sd n |∆ 2 |) 1 , take f (a) = β(a). This choice is well defined since whenever a ∈ sd n |∂∆ 2 |, we have 
Now f : (sd n |∆ 2 |) 1 → X is a map extending β such that the restriction of f to the boundary ∂τ of every 2-simplex τ in sd n |∆ 2 | is U -admissible.
Theorem 34. If (U , U 0 ) ∈ Λ where U consists of path connected sets and p U : X → |N(U )| is a canonical map, then ker p U * ⊆ Π Sp (U , x 0 ).
Proof. The theorem follows directly from Lemma 32 and Lemma 33.
Characterizations of ker Ψ X
Theorem 19 allows us to characterize the kernel of the natural map Ψ X : π 1 (X, x 0 ) →π 1 (X, x 0 ) as the Spanier group π Sp (X, x 0 ).
Theorem 35.
If X is a locally path connected, paracompact Hausdorff space, then there is a natural exact sequence
where the second map is inclusion.
Proof. It suffices to show ker Ψ X = π Sp (X, x 0 ). The inclusion π Sp (X, x 0 ) ⊆ ker Ψ X holds for arbitrary X; this fact follows from Propositions 9 and 12 and is proved directly in [14] . Since X is paracompact Hausdorff, π Sp (X, x 0 ) = Π Sp (X, x 0 ) by Theorem 13. Thus, it suffices to show ker
and U is a given open cover of X. It suffices to show [β] ∈ Π Sp (U , x 0 ). Let V 0 be a path connected neighborhood of x 0 contained in W 0 . Every point x ∈ X\V 0 is an element of some U x ∈ U . Let V x be a path connected neighborhood of x contained in U x which is disjoint from {x 0 }. Now V = {V 0 } ∪ {V x |x ∈ X\V 0 } is an open cover of X which contains path connected sets, is a refinement of U , and such that there is a single set V 0 having the basepoint x 0 as an element. Since X is paracompact Hausdorff, V is normal and therefore (V , V 0 ) ∈ Λ.
Since [β] ∈ ker p V * and ker
Regarding naturality, it is well-known that Ψ X is natural in X. Thus it suffices to check that if f : X → Y, f (x 0 ) = y 0 is a map, then f * (π Sp (X, x 0 )) ⊆ π Sp (Y, y 0 ). This follows directly from Remark 7.
Corollary 36. If X is a locally path connected, paracompact Hausdorff space, then X is π 1 -shape injective if and only if π Sp (X, x 0 ) = 1.
Example 37. Theorem 35 fails to hold in the non-locally path connected case. A counterexample is the compact space Z ⊂ R 3 of [12] obtained by rotating the closed topologist's sine curve so the linear path component forms a cylinder and connecting the two resulting surface components by attaching a single arc. We have π 1 (Z, z 0 ) Z and π
The identification π Sp (X, x 0 ) = ker Ψ X in Theorem 35 allows us to give two alternative characterizations of ker Ψ X : one in terms of U -homotopy (from Section 4) and one in terms of covering spaces of X. Here covering spaces and maps are meant in the classical sense [20] . Remark 40. If, in addition to the hypotheses on X in Theorem 35, Λ admits a cofinal, directed subsequence (U n , U n ) where (U k+1 , U k+1 ) refines (U k , U k ) (for instance, when X is compact metric), the exact sequence in Theorem 35 extends to the right via the first derived limit lim ← − − 1 for non-abelian groups [16, Ch. II, §6.2]. In doing so, we obtain a connecting function δ and an exact sequence
in the category of pointed sets. Thus elements in the image of Ψ X are precisely those mapped to basepoint of the first derived limit of the inverse sequence
of thick Spanier groups.
7 A shape group topology on π 1 (X, x 0 )
For a general space X, the fundamental group π 1 (X, x 0 ) admits a variety of distinct natural topologies [1, 2, 10] , one of which is the pullback from the product of discrete groups [9, 18] described as follows. By definition, the geometric realization of a simplicial complex is locally contractible. Hence the inverse limit spaceπ 1 (X, x 0 ) admits a natural topology as a subspace of the product of discrete groups Π Λ π 1 (|N(U )|, U 0 ).
To impart a topology on π 1 (X, x 0 ), recall the homomorphism Ψ X : π 1 (X, x 0 ) → π 1 (X, x 0 ) and declare the open sets of π 1 (X, x 0 ) to be precisely sets of the form Ψ −1 X (W) where W is open inπ 1 (X, x 0 ). We refer to this group topology on π 1 (X, x 0 ) as the shape topology.
The spaceπ 1 (X, x 0 ) is Hausdorff (sinceπ 1 (X, x 0 ) is a subspace of the arbitrary product of Hausdorff spaces). Hence, if ψ X is one-to-one, then π 1 (X, x 0 ) is Hausdorff (since in general the preimage under a continuous injective map of a Hausdorff space is Hausdorff). Conversely, if ψ X is not one-to-one, then π 1 (X, x 0 ) is not Hausdorff (since, with the pullback topology, if x y and ψ X (x) = ψ X (y) then x and y cannot be separated by open sets). The foregoing is summarized as follows.
Proposition 41. The following are equivalent for any space X:
1. X is π 1 -shape injective.
2. π 1 (X, x 0 ) is Hausdorff.
We characterize a basis for the shape topology using the short exact sequences from Section 5. 
2.
There is an open cover U of X such that π Sp (U , x 0 ) ⊆ H.
3. There is a covering map r : Y → X, r(y 0 ) = x 0 such that r * (π 1 (Y, y 0 )) = H.
Proof. (1. ⇔ 2.) follows directly from Corollary 45 and Remark 42. (2. ⇔ 3.) is a well-known result from covering space theory (used above in the proof of Corollary 38).
Thus the well-known classification of covering spaces can be extended to non-semilocally simply connected spaces in the following way: If X is locally path connected, paracompact Hausdorff, then there is a canonical bijection between the equivalence classes of connected coverings of X (in the classical sense) and conjugacy classes of open subgroups of π 1 (X, x 0 ) with the shape topology.
